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Abstract
We explore Carroll limit corresponding to M2 as well as M3 branes propagating
over 11D supergravity backgrounds in M theory. In the first part of the analysis, we
introduce the membrane Carroll limit associated to M2 branes propagating over M
theory supergravity backgrounds. Considering two specific M2 brane embeddings,
we further outline the solutions corresponding to the Hamilton’s dynamical equa-
tions in the Carroll limit. We further consider the so called stringy Carroll limit
associated to M2 branes and outline the corresponding solutions to the underlying
Hamilton’s equations of motion by considering specific M2 brane embeddings over
11D target space geometry. As a further illustration of our analysis, considering
the Nambu-Goto action, we show the equivalence between different world-volume
descriptions in the Carroll limit of M2 branes. Finally, considering the stringy Car-
roll limit, we explore the constraint structure as well as the Hamiltonian dynamics
associated to unstable M3 branes in 11D supergravity and obtain the corresponding
effective world-volume description around their respective tachyon vacua.
1 Overview and Motivation
The Carroll symmetry, that was introduced earlier in [1]-[3] has been started gaining a
lot of attention in the recent years due to its several remarkable aspects. For example,
it seems to - (I) have connections to that with the so called BMS symmetry algebra [4]-
[5], (II) be exhibiting a duality with the nonrelativistic symmetry group [6], (III) have
connections to that with the warped conformal field theory [7] and so on.
Starting from particle dynamics [8]-[10], in various recent analysis the notion of Carroll
symmetries had been successfully extended to system of classical strings, p branes [11]
as well as several other exotic systems [12]-[19]. However, in spite of all these attempts
some answers are still lacking in the literature and some interesting directions are yet to
be explored. For example, one might wonder what is the corresponding Carroll dynamics
of a membrane [20]-[33] in M theory and how does the equivalence between different
world-volume descriptions hold in the Carroll limit of generic MP branes.
Studying Carroll limit for membranes should be regarded as an interesting direction in
itself (in contrast to those of strings or p branes [11] studied previously) as it is naturally
coupled to the background 3-form gauge fields (CMNP (X)) [25]. More specifically, going
∗E-mail: dibakarphys@gmail.com, dibakarfph@iitr.ac.in
1
ar
X
iv
:1
90
8.
07
28
0v
2 
 [h
ep
-th
]  
20
 O
ct 
20
19
back to the previous analysis of [11], we see that there the discussions on Dp branes as
well as strings are made without the inclusion of background fields. However, on the
other hand, it is also well known that the coupling between Carroll particles to that
with background gauge fields unveils non trivial dynamics even when considering the
single particle dynamics [8]. This therefore should clearly provide enough motivation for
exploring the corresponding scenario in case of extended objects like p branes. In other
words, unlike in the previous examples [11], one should expect a different dynamics to
pop up in the Carroll limit of extended objects like strings and p branes. The purpose
of the present article is therefore to address these issues considering specific examples
of M2 as well as tachyonic M3 branes in M theory. A naive expectation is that the
corresponding dynamics of D2 branes in type IIA theory would follow quite naturally
through dimensional reduction of transverse M2 branes in 11D. The other important
issue is to show explicitly that different formulations of M2 brane world volume theory [25]
essentially lead to one unique world-volume description in the Carroll limit. Our analysis
further reveals that these different formulations of the world-volume action essentially
come up with different constraint structure at the Hamiltonian level. This is indeed a
nontrivial exercise where following some field redefinition we finally show the equivalence
between different world-volume theories in the Carroll limit of M2 branes.
The present article therefore intends to explore all these issues taking specific examples
of M2 as well as M3 branes in M theory. We start our analysis in Section 2 by considering
M2 brane world-volume theory and thereby taking its subsequent Carroll limit(s) [11]. We
outline the solutions corresponding to Hamilton’s dynamical equations considering two
different embeddings for Carroll M2 branes propagating over 11D target space geometry.
In the next Section 3, we start with the traditional Nambu-Goto (NG) action [25] for
M2 branes and show the equivalence between different world-volume descriptions in the
respective Carroll limits. We also construct the world-volume description for generic (sta-
ble) MP branes in the Carroll limit. In Section 4, we move beyond the stable membrane
configurations and consider Carroll limit corresponding unstable M3 branes in M theory.
Finally, we conclude our analysis in Section 5.
2 Carroll M2 branes I
2.1 Hamiltonian formulation
We start considering M2 branes moving over a curved manifold (equipped with a metric
gMN(X)) in the presence of background 3-form fluxes (CMNP (X)) [25],
SM2 =
∫
d3ξL(M2) (1)
where, the Lagrangian could be formally expressed as1,
L(M2) = 1
4λ0
[G00 − 2λjG0j + λiλjGij − (2λ0T2)2 detGij]+ T2C012. (2)
1At this stage it is noteworthy to mention that there are two other equivalent (or parallel) descriptions
for M2 brane world volume action namely the Polyakov and the Nambu-Goto form [25]. However, for the
first part of the analysis we prefer to stick with (1) as this form of action does not introduce additional
non linearity into the dynamics of the system.
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Here we introduce the pullback of the background fields on the world-volume of the
membrane,
Gmn = gMN(X)∂mXM∂nXN ; C012 = CMNP (X)∂0XM∂1XN∂2XP (3)
where, XM(M,N = 0, .., 10) are the target space coordinates and ξm(m = (0, i) = 0, 1, 2)
are the world-volume directions. Finally, λms are the Lagrange multipliers and T2 is the
tension associated with the M2 branes.
In order to take a consistent Carroll limit [11] one needs to replace velocities in terms
of momenta in the original action (1). We find the conjugate momentum,
ΠM =
∂L
∂(∂0XM)
=
gMN
4λ0
(
∂0X
N − 2λj∂jXN
)
+ T2CMNP∂1XN∂2XP (4)
which could be inverted to find,
∂0X
M = 4λ0ΠM + 2λj∂jX
M − 4λ0T2gMPCPQN∂1XQ∂2XN . (5)
Substituting (5) into (2) we find2,
L(M2) = ΠM∂0XM − (4λ0)−1H− ζ ΠMΠNgMN = ΠM∂0XM −NHP (6)
where we introduce the following constraint (corresponding to the Lagrange multiplier ζ),
Γ = ΠMΠNgMN ≈ 0 (7)
that eventually results in a consistent dynamics near the Carroll limit of the M2 brane.
Finally we have the following primary Hamiltonian constraint for the system,
HP = λ
0T 22
N detGij −
λiλj
4λ0N ∂iX
M∂jX
NgMN +
ζ
N Π
MΠNgMN
= Hcan + λ¯Γ ≈ 0 (8)
where, Hcan is the standard canonical Hamiltonian and λ¯ is the so called Lagrange mul-
tiplier in the presence of primary constraint(s) (Γ) such that,
HP ≈ Hcan. (9)
Notice that unlike the previous example for Dp branes [11], here we have only one
diffeomorphism constraint namely the Hamiltonian (8). The other constraint proportional
to Π.∂X is not quite apparent in this setup. Notice that this a particular feature of the
starting action (2). However, as we see in the subsequent analysis that the constraint
Π.∂X indeed appears as a part of the Nambu-Goto (NG) formulation (66) of M2 branes
(see (73)). Finally, using a trivial field redefinition, we show that these two formulations
are essentially equivalent to each other.
2Notice that there is no explicit RR 3-form in the Lagrangian (6) when expressed in terms of conjugate
momentum (ΠM ).
3
2.2 Membrane Carroll limit
We introduce the M2 brane Carroll limit as,
Xµ =
xµ
ω
; Πµ = ωpiµ , (µ = 0, 1, 2)
XI = xI ; ΠI = piI , (I, J,K = 3, .., 10) (10)
where, we set ω →∞ towards the end of our calculations.
In order to take consistent Carroll limit, it is also necessary to consider appropriate
scaling limit for Lagrange multipliers (λm, ζ, N ) as well as the membrane tension (T2),
λ0 =
λ˜0
ω2
; λi =
λ˜i
ω
; T2 = ωT˜2 ; N = N˜ ; ζ = ζ˜
ω2
. (11)
Using (10) and (11) we finally obtain the Lagrangian in the Carroll limit as,
L(M2)C = piM∂0xM − N˜H(M2)P (12)
where we define,
H
(M2)
P = λ˜
0T˜ 22 det γij −
λ˜iλ˜j
4λ˜0
∂ix
I∂jx
JgIJ + ζ˜pi
µpiνgµν
= Hcan + ζ˜pi
µpiνgµν ≈ 0 (13)
as being the primary Hamiltonian constraint associated to the Carroll limit of M2 branes.
Notice that here γij = gIJ∂ix
I∂jx
J(i, j = 1, 2).
The resulting equations of motion could be formally expressed as3,
∂0x
µ = 2N˜ ζ˜piνgµν ; ∂0piµ = 0 ; ∂0xI = 0, (14)
∂0piI + N˜ λ˜0T˜ 22 (|γ|γij∂IgJK∂ixJ∂jxK − 2∂i(|γ|γij∂jxJgIJ)) +
N˜ λ˜iλ˜j
2λ˜0
∂i(∂jx
JgIJ) = 0 (15)
which thereby implies that the transverse coordinates freeze in time hence like in the case
for free strings/p branes [11] the M2 brane does not move in its Carroll limit. However,
on the other hand, the momenta (piI) conjugate to transverse fluctuations (x
I) turn out to
be non trivial functions of world-volume coordinates. This is a special feature associated
with the dynamics in the Carroll limit where there is in general no connection between
spatial momenta and velocities of a dynamical Carroll object [11].
We now proceed towards solving the above set of equations (14)-(15). In order to solve
these equations one needs to consider specific M2 brane embeddings for different choice of
subspaces within the full 11D target space geometry [28]. In the following, we illustrate
the procedure with two specific choices of M2 brane embeddings.
2.2.1 Example I
Consider Carroll M2 branes moving in R×S4 subspace of full AdS4×S7 geometry4 [28],
ds2 = −dt2 + 4
(
dψ2 + cos2 ψdϕ21 +
sin2 ψ
2
(dϕ22 + dϕ
2
3)
)
(16)
3Here, |γ| = det γij .
4We set AdS length scale L = 1.
4
where we set the angle θ = θ0 =
pi
4
for which the background RR forms in AdS4 vanishes.
To start with we consider following embeddings for Carroll M2 branes,
x0 = t(ξm) = Λ0 0 ξ
0, (17)
x1 = ψ(ξ2), (18)
x2 = ϕ1(ξ
m) = Λ2 0 ξ
0, (19)
x3 = ϕ2(ξ
m) = Λ3 i ξ
i, (20)
x4 = ϕ3(ξ
m) = Λ4 i ξ
i (i = 1, 2) (21)
where we introduce constant coefficients ΛM m(M = 0, 1, 2, 3, 4 ; m = 0, 1, 2) carrying
mixed indices those are eventually constrained by the Carroll Hamiltonian (13).
Substituting (17)-(21) into (14) we find,
pi0 = (2N˜ ζ˜)−1Λ0 0 ; pi1 = 0 ; pi2 = (2N˜ ζ˜)−1Λ2 0. (22)
Therefore, we find that the Carroll M2 brane extended along x1 = ψ direction and rotating
around x2 direction moves in time with constant energy (pi0) and momentum (pi2). Notice
that the M2 brane also wraps around two of the isometry directions (ϕ2 and ϕ3) of S
4.
Finally, it is noteworthy to mention that with the above ansatz (17)-(21) one trivially
satisfies the rest of the two equations in (14).
Our next task would be to substitute (17)-(21) into (15) in order to solve for the
corresponding transverse momenta (piI(I, J = 3, 4)),
∂0pi
I − 8N˜ λ˜0T˜ 22
∑
J 6=I
ΛJ 1
(
ΛJ 1Λ
I
2 − ΛI 1ΛJ 2
)
sin 2ψψ′(ξ2)
+
N˜ λ˜2λ˜i
λ˜0
ΛI i cotψψ
′(ξ2) = 0, (23)
which upon integration yields,
piI(ξ0, ξi) =
∫
F I(ξ2)dξ0 + C (24)
where C is the constant of integration together with,
F I(ξ2) = 8N˜ λ˜0T˜ 22
∑
J 6=I
ΛJ 1
(
ΛJ 1Λ
I
2 − ΛI 1ΛJ 2
)
sin 2ψψ′(ξ2)
−N˜ λ˜
2λ˜j
λ˜0
ΛI j cotψψ
′(ξ2). (25)
Finally we note down the Hamiltonian constraint (13) which for the present case yields,
4λ˜0T˜ 22
(
Λ3 1Λ
4
2 − Λ4 1Λ3 2
)2
sin2 ψ − λ˜
iλ˜j
2λ˜0
ΛI iΛ
I
j
+
ζ˜−1
4N˜ 2 sin2 ψ (4 cos
2 ψ(Λ2 0)
2 − (Λ0 0)2) ≈ 0. (26)
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2.2.2 Example II
As a second example, we consider Carroll M2 branes propagating over some specified
subspace of the full AdS7 × S4 geometry [28],
ds2 = − cosh2 %dt2 + d%2 + 1
2
sinh2 %(dψ2 + dχ2) +
1
4
(dα2 + cos2 αdθ2). (27)
We choose to work with the following embedding for Carroll M2 branes namely,
x0 = t(ξm) = Λ0 0 ξ
0, (28)
x1 = %(ξ2), (29)
x2 = ψ(ξm) = Λ2 m ξ
m, (30)
x3 = χ(ξm) = Λ3 i ξ
i, (31)
x4 = α(ξ2) (32)
x5 = θ(ξm) = Λ5 i ξ
i (m = 0, i = 0, 1, 2) (33)
such that the M2 brane extends along % and α, wraps around the isometry directions (ψ,
χ and θ) and propagates with constant energy and momentum,
pi0 = (2N˜ ζ˜)−1Λ0 0 ; pi1 = 0 ; pi2 = (2N˜ ζ˜)−1Λ2 0. (34)
Next, we substitute (28)-(33) into (15) which finally yields the following set of equa-
tions
∂0pi
3 − N˜ λ˜0T˜ 22 Λ5 1(Λ3 2Λ5 1 − Λ3 1Λ5 2) cosα×
(− sinαα′ + coth % cosα%′) + N˜ λ˜
2λ˜i
λ˜0
Λ3 i coth %%
′ = 0, (35)
∂0pi
4 + 4N˜ λ˜0T˜ 22 |γ|γijΛ5 iΛ5 j sin 2α +
N˜ λ˜0T˜ 22
2
(Λ5 1)
2 sin 2αα′2 +
N˜ (λ˜2)2
2λ˜0
α′′
−N˜ λ˜0T˜ 22 (Λ3 1)2 sin 2%α′%′ −
N˜ λ˜0T˜ 22
2
((Λ5 1)
2 cos2 α + 2(Λ3 1)
2 sinh2 %)α′′ = 0, (36)
∂0pi
5 − 2N˜ λ˜0T˜ 22 Λ3 1(Λ3 2Λ5 1 − Λ3 1Λ5 2) sinh %×
(α′ tanα sinh %− %′ cosh %)− N˜ λ˜
2λ˜i
λ˜0
Λ5 i tanαα
′ = 0, (37)
which could be further integrated to obtain the transverse momenta as,
piI = piI(ξ0, ξ2) (38)
provided we know the explicit form of the functions % = %(ξ2) and α = α(ξ2).
Finally, we note down the Hamiltonian constraint (13) for the system
λ˜0T˜ 22
(
α′2
(
(Λ5 1)
2 cos2 α + 2(Λ3 1)
2 sinh2 %
)
+ 2 cos2 α sinh2 %(Λ3 2Λ
5
1 − Λ3 1Λ5 2)2
)
− λ˜
iλ˜j
λ˜0
(2Λ3 iΛ
3
j sinh
2 %+ Λ5 iΛ
5
j cos
2 α)− (λ˜
2)2
λ˜0
α′2
+
2ζ˜−1
N˜ 2 (sinh
2 %(Λ2 0)
2 − 2(Λ0 0)2) ≈ 0. (39)
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2.3 Stringy Carroll limit
In the previous Section we discussed membrane Carroll limit associated to M2 branes
where we rescale the first three target space coordinates. The purpose of this Section is
to explore the so called stringy Carroll limit [11] associated to M2 branes where we scale
the first two target space coordinates and their corresponding conjugate momenta,
Xµ =
xµ
ω
; Πµ = ωpiµ , (µ = 0, 1)
XI = xI ; ΠI = piI , (I, J,K = 2, .., 10) (40)
such that ω is set to infinity at the end.
Substituting (40) into (6) we find,
L(S)C = piM∂0xM − N˜H(S)P (41)
where we note down the primary Hamiltonian (constraint) associated to stringy Carroll
limit as,
H
(S)
P = λ˜
0T˜ 22 det γij −
λ˜iλ˜j
4λ˜0
∂ix
I∂jx
JgIJ + ζ˜pi
µpiνgµν ≈ 0 (42)
which is structurally identical to that with (13) except for the fact that now we have a
different scaling (40) that leads to a different 2 × 2 matrix structure γij. Our next task
would be to outline the dynamics of M2 branes in the string Carroll limit considering two
specific examples as before.
2.3.1 Example I
Consider the first example where Carroll M2 branes are moving in R × S4 subspace of
full AdS4 × S7 geometry [28],
ds2 = −dt2 + 4
(
dψ2 + cos2 ψdϕ21 +
sin2 ψ
2
(dϕ22 + dϕ
2
3)
)
. (43)
We choose to work with the following embeddings for Carroll M2 branes,
x0 = t(ξm) = Λ0 0 ξ
0, (44)
x1 = ϕ1(ξ
m) = Λ1 0 ξ
0, (45)
x2 = ψ(ξ2), (46)
x3 = ϕ2(ξ
m) = Λ3 i ξ
i, (47)
x4 = ϕ3(ξ
m) = Λ4 i ξ
i (i = 1, 2) (48)
which leads to the following conserved energy-momentum
pi0 = (2N˜ ζ˜)−1Λ0 0 ; pi1 = (2N˜ ζ˜)−1Λ1 0 (49)
associated to M2 branes. Therefore, with the above embedding (44)-(48) one essentially
describes Carroll M2 branes extended along x2 = ψ direction and rotating along one
of isometry directions (ϕ1) with constant angular momentum Λ
1
0. Finally, like in the
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previous example, the M2 brane also wraps around two of the isometry directions (ϕ2 and
ϕ3) of S
4 along with respective winding numbers.
The rest of the Hamilton’s equations of motion could be formally expressed as
∂0pi
2 − 4N˜ λ˜0T˜ 22 ((Λ3 1)2 + (Λ4 1)2) sinψ(ψ′′ sinψ + 2ψ′2 cosψ)
+
N˜ λ˜0T˜ 22
2
|γ| sin 2ψ
2∑
i=1
4∑
I=3
γijΛI iΛ
I
j +
N˜ (λ˜2)2
2λ˜0
ψ′′ = 0, (50)
∂0pi
I + 8N˜ λ˜0T˜ 22ψ′ sin 2ψ
∑
J 6=I
ΛJ 1(Λ
I
1Λ
J
2 − ΛI 2ΛJ 1) + N˜ λ˜
2λ˜i
2λ˜0
ΛI i cotψψ
′ = 0 (51)
where I, J = 3, 4. Therefore the Hamiltonian dynamics could be solved provided we know
the embedding, ψ = ψ(ξ2).
Finally, we note down the Hamiltonian constraint (42)
H
(S)
P = λ˜
0T˜ 22 (8
(
(Λ3 1)
2 + (Λ4 1)
2
)
ψ′2 sin2 ψ + 4 sin4 ψ(Λ3 2Λ4 1 − Λ3 1Λ4 2)2)
− λ˜
iλ˜j
2λ˜0
(Λ3 iΛ
3
j + Λ
4
iΛ
4
j) sin
2 ψ − (λ˜
2)2
λ˜0
ψ′2 +
ζ˜−1
4N˜2
(−(Λ0 0)2 + 4(Λ1 0)2 cos2 ψ) ≈ 0.(52)
2.3.2 Example II
In the second example, we consider Carroll M2 brane embeddings in some subspace of
AdS7 × S4 geometry [28],
ds2 = − cosh2 %dt2 + d%2 + 1
2
sinh2 %(dψ2 + dχ2) +
1
4
(dα2 + cos2 αdθ2) (53)
where we choose to work with the following ansatz,
x0 = t(ξm) = Λ0 0 ξ
0, (54)
x1 = ψ(ξm) = Λ1 m ξ
m, (55)
x2 = %(ξ2), (56)
x3 = χ(ξm) = Λ3 i ξ
i, (57)
x4 = α(ξ2) (58)
x5 = θ(ξm) = Λ5 i ξ
i (m = 0, i = 0, 1, 2). (59)
Like in the previous example, a straightforward analysis reveals,
pi0 = (2N˜ ζ˜)−1Λ0 0 ; pi1 = (2N˜ ζ˜)−1Λ1 0. (60)
The rest of the Hamilton’s equations could be formally expressed as
∂0pi
2 +
N˜ λ˜0T˜ 22
2
|γ|γij sinh 2%(Λ1 iΛ1 j + Λ3 iΛ3 j) + N˜ (λ˜
2)2
2λ˜0
%′′ − N˜ λ˜
0T˜ 22
2
×(−(Λ5 1)2α′ sin 2α%′ + %′′ ((Λ5 1)2 cos2 α + 2(Λ3 1)2 sinh2 %)+ 2(Λ3 1)2%′2 sinh 2%) = 0,(61)
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∂0pi
3 + N˜ λ˜0T˜ 22 Λ5 1 cosα(Λ3 2Λ5 1 − Λ3 1Λ5 2) (α′ sinα− cosα%′ coth %)
+
N˜ λ˜2λ˜i
λ˜0
Λ3 i coth %%
′ = 0, (62)
∂0pi
4 + 4N˜ λ˜0T˜ 22 |γ|γijΛ5 iΛ5 j sin 2α +
N˜ (λ˜2)2
2λ˜0
α′′ − N˜ λ˜
0T˜ 22
2
×(
α′′
(
(Λ5 1)
2 cos2 α + 2(Λ3 1)
2 sinh2 %
)
+ 2(Λ3 1)
2α′%′ sinh 2%− (Λ5 1)2α′2 sin 2α
)
= 0, (63)
∂0pi
5 + 2N˜ λ˜0T˜ 22 Λ3 1 sinh %(Λ3 1Λ5 2 − Λ3 2Λ5 1) (α′ tanα sinh %− %′ cosh %)
−N˜ λ˜
2λ˜i
λ˜0
Λ5 i tanαα
′ = 0. (64)
Finally, we note down the Hamiltonian constraint (42) for the configuration,
H
(S)
P =
λ˜0T˜ 22
16
(
α′2 + 4%′2
) (
(Λ5 1)
2 cos2 α + 2(Λ3 1)
2 sinh2 %
)− (λ˜2)2
4λ˜0
(
%′2 +
α′2
4
)
+
λ˜0T˜ 22
8
cos2 α sinh2 %(Λ3 2Λ
5
1 − Λ3 1Λ5 2)2 − λ˜
iλ˜j
8λ˜0
(sinh2 %Λ3 iΛ
3
j +
1
2
cos2 αΛ5 iΛ
5
j)
+
ζ˜−1
4N˜2
(−(Λ0 0)2 + 1
2
(Λ1 0)
2 sinh2 %) ≈ 0.(65)
3 Carroll M2 branes II
This is a parallel computation for M2 branes (in its Carroll limit) where we choose to
work with the traditional Nambu-Goto (NG) action for the world-volume theory and
explore the corresponding Hamiltonian dynamics. We show that the present formalism is
equivalent to that with the previous world-volume description of M2 branes under certain
trivial transformations on the world-volume d.o.f. in the Carroll limit.
We start with the NG world-volume theory of the following form [25],
SM2 = −τ2
∫
d3ξ
√− det a + τ2
3!
∫
d3ξεmnpCmnp (66)
where, we introduce the world-volume metric as,
amn = gMN∂mX
M∂nX
N ; m,n, p = (0, i) = 0, 1, 2. (67)
together with the short hand notation for RR three form,
Cmnp = CMNP (X)∂mXM∂nXN∂pXP . (68)
Next, we note down the corresponding conjugate momenta as,
piM = −τ2
√− det a(a−1)0mgMN∂mXN + τ2
2!
εijCMNP∂iXN∂jXP . (69)
Using (69), it is straightforward to express the world-volume action,
SM2 =
∫
piM∂0X
M + “Constarints”. (70)
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In order to check the constraints we first define,
p¯iM = piM − τ2
2!
εijCMNP∂iXN∂jXP (71)
which yields the following primary constraint,
GP = gMN p¯iM p¯iN + τ 22 det a(2)ij ≈ 0. (72)
The other primary constraint we note down is the following,
Gi = p¯iM∂iXM ≈ 0. (73)
Combining (72) and (73), we finally note down the M2 brane action as,
SM2 =
∫
p¯iM∂0X
M +
τ2
3!
εmnpCmnp + gGP + giGi (74)
where, g and gi are the so called Lagrange multipliers.
Next we consider the so called stringy Carroll limit associated to M2 branes,
Xµ =
xµ
ω
; p¯iµ = ωp˜iµ , (µ = 0, 1)
XI = xI ; p¯iI = p˜iI , (I, J,K = 2, .., 10) (75)
together with the following scaling,
g =
g˜
ω2
; gi = g˜i ; τ2 = ωτ˜2 ; CMNP = ω−1C˜MNP (76)
which finally leads to the following Carroll M2 brane action,
S˜M2 =
∫
p˜iM∂0x
M +
τ˜2
3!
εmnpC˜IJK∂mxI∂nxJ∂pxK + g˜gµν p˜iµp˜iν + g˜τ˜22 det γij + g˜ip˜iM∂ixM .(77)
In order to check equivalence between (77) and (41) we consider the following field
transformations,
p˜iµ = ˜˜piµ ; p˜iI = ˜˜piI − τ˜2
2!
εjkC˜IJK∂jxJ∂kxK ≡ ˜˜piI − υI . (78)
Substituting (78) into (77) we find,
S˜M2 =
∫
˜˜piM∂0x
M + g˜gµν ˜˜piµ ˜˜piν + g˜τ˜2
2 det γij + g˜
i ˜˜piI∂ix
I (79)
where we impose the following constraints namely,
˜˜piµ∂ix
µ ≈ 0 ; υI∂ixI ≈ 0. (80)
Therefore (79) is equivalent to (41) provided we set,
˜˜piI = g˜
jgIJ∂jx
J (81)
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and identify the new set of Lagrange multipliers to that with the old set of Lagrange
multipliers with proper signature and scaling.
The equations of motion that readily follow from (77) could be formally expressed as,
∂0x
µ + 2g˜gµν p˜iν + g˜
i∂ix
µ = 0 (82)
∂0x
I + g˜i∂ix
I = 0 (83)
∂0p˜iµ + g˜
i∂ip˜iµ = 0 (84)
∂0p˜iI +
τ˜2
2!
εmnp∂m(C˜IJK∂nxJ∂pxK) + 2∂i(det γijγijgIJ∂jxJ) + g˜i∂ip˜iI = 0 (85)
along with the following constraints,
gµν p˜iµp˜iν + τ˜
2
2 det γij ≈ 0
p˜iM∂ix
M ≈ 0. (86)
Note added: The above analysis could be generalized for generic MP (P > 2 or 5)
branes whose world-volume theory could be formally expressed as5,
SMP = −τP
∫
dP+1ξ
√− det a + τP
∫
C(P+1) (87)
where,
amn = gMN∂mX
M∂nX
N ; m,n = 0, .., P (88)
C(P+1) = 1
(P + 1)!
CM0..MP dXM0 ∧ .. ∧ dXMP . (89)
The corresponding conjugate momentum is given by,
piM0 = −τP
√− det a(a−1)0mgM0N∂mXN +
τP
P !
εi1..iP CM0M1..MP ∂i1XM1 ..∂iPXMP . (90)
Using (90), it is now straightforward to express the world-volume action (87) as
SMP =
∫
pˆiM0∂0X
M0 +
τP
(P + 1)!
εm0..mP Cm0..mP + λΦP + λiΦi (91)
where we introduce primary constraints,
ΦP = g
MN pˆiM pˆiN + τ
2
P det a
(P )
ij ≈ 0 (92)
Φi = pˆiM∂iX
M ≈ 0. (93)
constructed out of modified canonical momentum,
pˆiM0 = piM0 −
τP
P !
εi1..iP CM0M1..MP ∂i1XM1 ..∂iPXMP . (94)
5Here, C(P+1) could be thought as being that of the composite higher form (made out of the 3 form
(C(3)) and the corresponding field strength 4 form G(4)(= dC(3))) in 11D SUGRA [34]-[35]. For example,
in case of P = 5 one might think of a composite 6 form of the type, C(6) = ?dG(4) − C(3) ∧ C(3).
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Next we introduce stringy Carroll limit as,
Xµ =
xµ
ω
; pˆiµ = ωp˜iµ , (µ = 0, 1)
XI = xI ; pˆiI = p˜iI , (I = 2, .., 10) (95)
which leads to the generic Carroll MP brane action,
S˜MP =
∫
p˜iM∂0x
M +
τ˜P
(P + 1)!
εm0..mP C˜I0..IP ∂m0xI0 ..∂mP xIP + g˜gµν p˜iµp˜iν
+g˜τ˜P
2 det γij + g˜
ip˜iM∂ix
M . (96)
Finally, with the following redefinition
p˜iµ = ˆˆpiµ ; p˜iI = ˆˆpiI − τ˜P
P !
εi1..iP CII1..IP ∂i1XI1 ..∂iPXIP (97)
and imposing the constraint conditions (80) we arrive at the generic MP brane world-
volume action,
S˜MP =
∫
ˆˆpiM∂0x
M + g˜gµν ˆˆpiµ ˆˆpiν + g˜τ˜P
2 det γij + g˜
i ˆˆpiI∂ix
I . (98)
4 Tachyonic M3 branes
4.1 World-volume theory
The purpose of this Section is to explore the Carroll dynamics associated to unstable M3
branes [31]-[33] propagating over M theory supergravity background and in particular to
find an interpretation of the corresponding Hamiltonian dynamics in terms of stable lower
dimensional objects in M theory. We start with the first proposal for the unstable M3
brane world-volume action. The corresponding world-volume action could be formally
expressed as,
SM3 = τ3
∫
d4ξL(M3) + τ3
∫
V (T )dT ∧ C(3) (99)
where the world-volume Lagrangian is given by,
L(M3) = −V (T )
√− detA (100)
Amn = gMN(X)∂mX
M∂nX
N + ∂mT∂nT ; m,n, p, q = (0, i) = 0, 1, 2, 3. (101)
Here, V (T ) is the tachyon potential such that V (0)(= τ3) equals the M3 brane tension
and C(3) is the background RR three form.
We choose to work with the following background RR three form,
C(3) =
1
3!
εMNPdX
M ∧ dXN ∧ dXP (102)
which finally yields the following world-volume action,
SM3 = −τ3
∫
d4ξV (T )
√− detA + τ3
3!
∫
dξqd3ξV (T )εmnpCmnp∂qT. (103)
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A straightforward computation reveals the corresponding conjugate momenta as,
℘M = −τ3V (T )
√− detA(A−1)0mgMN∂mXN + τ3V (T )
2!
εijkεMNP∂iX
N∂jX
P∂kT (104)
and
℘T = −τ3V (T )
√− detA(A−1)0m∂mT + τ3V (T )
3!
εijkCijk (105)
where the indices i, j, k(= 1, 2, 3) run along the spatial directions of the M3 brane world-
volume coordinates.
Using (104) and (105) it is straightforward to find the corresponding canonical Hamil-
tonian density,
H(M3)can = ℘M∂0X
M + ℘T∂0T − τ3L(M3) − τ3V (T )
3!
εmnpCmnp∂qT = 0. (106)
Like in the previous example, we further note down the following primary constraints
Hτ = ℘¯M ℘¯NgMN + ℘¯2T + τ 23V 2(T ) detA(3)ij ≈ 0, (107)
Hi = ℘¯M∂iXM + ℘¯T∂iT ≈ 0, (108)
where we introduce new canonical momenta as,
℘¯M = ℘M − τ3V (T )
2!
εijkεMNP∂iX
N∂jX
P∂kT (109)
℘¯T = ℘T − τ3V (T )
3!
εijkCijk. (110)
Using (107) and (108) we finally note down the unstable M3 brane action (103) as,
SM3 =
∫
d4ξ <(℘¯M , XM ; ℘¯T , T ) (111)
where we introduce the function,
<(℘¯M , XM ; ℘¯T , T ) = ℘¯M∂0XM + ℘¯T∂0T + τ3V (T )
2!
εijkεMNP∂iX
N∂jX
P∂kT∂0X
M
+τ3
V (T )
3!
εijkCijk∂0T + `Hτ + `iHi (112)
together with the Lagrange multipliers ` and `i.
4.2 Carroll dynamics
To start with, we introduce the stringy Carroll limit corresponding to M3 branes as,
Xµ =
xµ
ω
; ℘¯µ = ωp¯iµ , (µ = 0, 1)
XI = xI ; ℘¯I = p¯iI , (I, J,K = 2, .., 10)
T =
t
ω
; ℘¯T = ωp¯it ; τ3 = ωτ˜3. (113)
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Substituting (113) into (112) and taking the limit ω →∞ we find,
<(℘¯M , XM ; ℘¯T , T ) = p¯iM∂0xM + p¯it∂0t + τ˜
2
3
2!
εijkεIJK∂ix
J∂jx
K∂kt∂0x
I + ˜`¯pi2t
+
τ˜ 23
3!
εijkεIJK∂ix
I∂jx
J∂kx
K∂0t + ˜`¯piµp¯iνg
µν + ˜`˜τ 43 det a
(3)
ij +
˜`i(p¯iM∂ix
M + p¯it∂it) (114)
where we rescale the Lagrange multipliers as,
` =
˜`
ω2
; `i = ˜`i (115)
together with the following identifications namely, a
(3)
ij = gIJ∂ix
I∂jx
J and V (0) ∼ τ˜3.
The resulting equations of motion could be formally expressed as,
∂0x
µ + 2˜`¯piνg
µν + ˜`i∂ix
µ = 0 (116)
∂0x
I + ˜`i∂ix
I = 0 (117)
∂0t + 2˜`¯pit + ˜`
i∂it = 0 (118)
∂0p¯iµ + ˜`
i∂ip¯iµ = 0 (119)
∂0p¯iI + τ˜
2
3 ε
ijkεIJK
[
∂i(∂jx
[J∂0x
K]∂kt) +
1
2!
∂0(∂ix
J∂jx
K∂kt)
]
+ ˜`i∂ip¯iI
+
τ˜ 23
2!
εijkεIJK∂i(∂jx
J∂kx
K∂0t) + 2˜`˜τ
4
3∂i(det aija
ijgIJ∂jx
J) = 0 (120)
∂0p¯it +
τ˜ 23
2!
εijkεIJK∂k(∂ix
J∂jx
K∂0x
I) + ˜`i∂ip¯it +
τ˜ 23
3!
εijkεIJK∂0(∂ix
I∂jx
J∂kx
K) = 0 (121)
together with the following set of constraints namely,
p¯iM∂ix
M + p¯it∂it = 0 (122)
p¯iµp¯iνg
µν + τ˜ 43 det aij + p¯i
2
t = 0. (123)
Our next task would be to interpret the above dynamics (116)-(121) at the tachyon
vacuum t = tmin. At the tachyon vacuum the world-volume action (114) reduces to,
S˜M3 =
∫
p¯iM∂0x
M + ˜`¯piµp¯iνg
µν + ˜`˜τ 43 det a
(3)
ij +
˜`ip¯iI∂ix
I (124)
subjected to the vanishing of the tachyon momentum,
p¯it = 0. (125)
and the constraints (80). The above action (124) essentially represents the effective world-
volume theory that describes the dynamics of unstable M3 branes around their respective
tachyon vacua.
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5 Summary and final remarks
We now summarize our key results and conclude with some further remarks. The purpose
of the present analysis was to explore the Carroll limit(s) in M theory. Taking specific
examples of M2 branes as well as M3 branes we construct the corresponding world volume
action in the Carroll limit and explore the associated Hamiltonian dynamics. The Hamil-
ton’s equations corresponding to transverse momenta turn out to be quite non trivial and
is difficult to solve analytically. We also generalize our analysis by constructing world-
volume theory corresponding to generic Mp branes moving over M theory supergravity
backgrounds. We further show that different world-volume descriptions are equivalent in
their respective Carroll limits. Finally, we turn our attention towards tachyonic M3 branes
in M theory and their respective Carroll limits. We explore the corresponding membrane
dynamics and obtain the world-volume theory at the tachyon vacua of the unstable Car-
roll membranes propagating over curved 11D M theory supergravity backgrounds.
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